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Abstract 



Let M — y N (resp. C — >■ N) be the fibre bundle of pseudo-Riemannian 
metrics of a given signature (resp. the bundle of linear connections) on 
an oricntablc connected manifold N. A geometrically defined class of 
first-order Ehresmann connections on the product fibre bundle M X jv C 
is determined such that, for every connection 7 belonging to this class 
and every Diff N- invariant Lagrangian density A on J 1 (Af X n C), the 
corresponding covariant Hamiltonian A 7 is also DiffTV-invariant. The 
case of Diff N- invariant second-order Lagrangian densities on J 2 M is 
also studied and the results obtained are then applied to Palatini and 
Einstein-Hilbert Lagrangians. 
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1 Introduction 

In Mechanics, the Hamiltonian function attached to a Lagrangian density 
A = Lfaq^q^dt on R x TQ is given by H = tfdL/dq 1 - L, but— as it 
was early observed in [16] — this is not an invariant definition if an arbitrary 
fibred manifold t: E — > R is considered (thus generalizing the notion of an 
absolute time) instead of the direct product bundle KxQ^R; e.g., see [7], 
[23], [25] for this point of view. In this case, an Ehresmann connection is 
needed in order to lift the vector field d/dt from R to E, and the Hamiltonian 
is then defined by applying the Poincare-Cartan form attached to A to the 
horizontal lift of d/dt. 

In the field theory — where no distinguished vector field exists on the base 
manifold — the need of an Ehresmann connection is even greater, in order 
to attach a covariant Hamiltonian to each Lagrangian density; e.g., see [24, 
4.1], [23], and the definitions below. 

Let p : E — >■ N be an arbitrary fibred manifold over a connected manifold 
N, n = dim A, dimE = m + n, oriented by v n = da; 1 A - • -Adx n . Throughout 
this paper, Latin (resp. Greek) indices run from 1 to n (resp. m). An 
Ehresmann connection on a fibred manifold p : E — > N is a differential 1-form 
7 on £ taking values in the vertical sub-bundle V(p) such that 7(A) = X 
for every X G V(p) (e.g., see [23], [24], [32], [34]). Once an Ehresmann 
connection 7 is given, a decomposition of vector bundles holds T(E) = 
V(p) © ker 7, where ker 7 is called the horizontal sub-bundle determined by 
7. In a fibred coordinate system (x^,y a ) for p, an Ehresmann connection 
can be written as 

7 = (dy a + j«dxi) ® 7? G C°°(E). 
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According to [24] , the covariant Hamiltonian A 7 associated to a Lagrangian 
density on J l E, A = Lv n , L G C°°( J X E), with respect to 7 is the Lagrangian 
density defined by, 

(1) AT = ((pS)* 7 -0) Aco a -A, 

where, p^: J X E — > J°E = E is the projection mapping, 6 = 6 a ® d/dy a , 
9 a = dy a — yfdx 1 is the F(p)-valued 1-form on J l E associated with the 
contact structure, written on a fibred coordinate system (x' l ,y a ), and uj\ 
is the Legendre form attached to A, i.e., the V * (p)-valued ^-horizontal 
(n — l)-form on J^E given by 

dL 

"A = {-^^-Q-^id/dx^n ® dy a , 

where (x l , y a ;yf) is the coordinate system induced from (x l ,y a ) on the 1-jet 
bundle and p 1 : J 1 ^ — >■ N is the projection on the base manifold. Locally, 

(2) A 7 = (( 7 f + yf ) - L)^ 1 A ••• A 

From (1) we obtain the following decomposition of the Poincare-Cartan form 
attached to A (e.g., see [17], [23], [27]): 6 A = 6>Aw A + A = (pj)*7 Aw A - A 7 . 

A diffeomorphism <!> : E — > E is said to be an automorphism of p if there 
exists <fi G DiffiV such that po$> = (pop. The set of such automorphisms is de- 
noted by Aut(p) and its Lie algebra is identified to the space aut(p) C X(E) 
of p-projectable vector fields on E. Given a subgroup Q C Aut(p), a La- 
grangian density A is said to be (/-invariant if ( ( J >( ' 1 - ) )*A = A for every $ G Q, 
where : J X E — > J l E denotes the 1-jet prolongation of <I>. Infinitesi- 
mally, the (/-invariance equation can be reformulated as L X (i)A = for 
every X G Lie(£7), X^ denoting the 1-jet prolongation of the vector field 
X. 

When a group Q of transformations of E is given, a natural question 
arises: 

• Determine a class — as small as possible — of Ehresmann connections 
7 such that A 7 is (/-invariant for every (/-invariant Lagrangian density 
A. 

Below we tackle this question in the framework of General Relativity, i.e., 
the group Q is the group of all diffeomorphisms of the ground manifold N 
acting in a natural way either on the bundle of pseudo-Riemannian metrics 
Pm '■ M = M(N) — > N of a given signature (n + ,n~), n + +n~ = n, or on the 
product bundle p: M x jy C — >■ N ', where pc'-C = C(N) — > N is the bundle 
of linear connections on TV. Namely, we solve the following two problems: 
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(P): Determine a class — as small as possible — of Ehresmann connec- 
tions 7 such that for every Diff TV-invariant first-order Lagrangian den- 
sity A on the bundle J X (M xjyC) , the corresponding covariant Hamil- 
tonian A 7 is also DiffiV-invariant. 

Similarly to the problem (P), we formulate the corresponding problem 
on J 2 M as follows: 

(P2) : Determine a class of second-order Ehresmann connections 7 2 on M 
such that for every DiffiV-invariant second-order Lagrangian density 
A on the bundle J 2 M, the corresponding covariant Hamiltonian A 7 — 
defined in (42) — is also Diff N- invariant. 

Essentially, a class of first-order Ehresmann connections on the bundle Mxn 
C is obtained, defined by the conditions (Cm) and (Cc) below (see Propo- 
sitions 3.4 and 3.5), solving the problem (P). This class of connections also 
helps to solve (P2) by means of a natural isomorphism between J l M and 
M Xjv C sym , where C sym denotes the sub-bundle of symmetric connections 
on N (cf. Theorem 4.1). Finally, this approach is applied to Palatini and 
Einstein-Hilbert Lagrangians ([3], [4]), obtaining results compatible with 
their usual Hamiltonian formalisms. 

2 Invariance under diffeomorphisms 

2.1 Preliminaries 

2.1.1 Jet-bundle notations 

Let p k : J k E — > N be the fc-jet bundle of local sections of an arbitrary 
fibred manifold p: E — >■ N, with projections pf : J k E — Y J l E, p k (j k s) = j l x s, 
for A; > I, j k s denoting the fc-jet at x of a section s of p defined on a 
neighbourhood of x £ N. 

A fibred coordinate system (x l ,y a ) on V induces a coordinate system 
(x\ yf),I = (ii,...,i N )eN n ,0<\I\=i 1 + ---+i N <r, on (p^' 1 (V) = 
J r V as follows: yj(f x s) = (d' 7 '(y a o s)/dx I )(x), with y§ = y a . 

Every morphism <E>: E — > E' whose associated map <fi: N — > N' is a 
diffeomorphism, induces a map 

$M : J r E -> J r E', 
(3) &r) {j r s)=j r^ OSO(f) -ly 
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If $>t is the flow of a vector field X G aut(p), then is the flow of a vector 
field X( r ) G X(J r E), called the infinitesimal contact transformation of order 
r associated to the vector field X. The mapping 

aut(p) 314 X^ G X(J r E) 

is an injection of Lie algebras, namely, one has 

(XX + fiY)^ = XX^ + /iyM, 

[x,y]W = 

VA, /x G R, VI,7G aut(p). 
In particular, for r = 1, 

„(i) _ Q _<9_ a j9_ a _ cH/* pthf^ _ a du k 

~ u d x i d y a v% dyf ' Vi ~ Ox* Vi dyP Vk dx* ' 

2.1.2 Coordinates on M(N), F(N), C(N) 

Every coordinate system (x l ) on an open domain U C N induces the fol- 
lowing coordinate systems: 

1) (x l ,yjk) on {pm)~ 1 {U)-, where pu'- M — > N is the bundle of metrics 
of a given signature, and the functions y^ = y^j are defined by, 

(4) g x = ^2yij{9x){dx l ) x <g> (dx J ) x , Vg x G {pmY 1 {U). 

2) (x l ,x l j) on (^f) _1 (J7), where p^: F(N) N is the bundle of linear 
frames on N, and the functions Xj are defined by, 

u=((d/dx 1 ) x ,...,(d/dx n ) x ) ■ (x)(u)), x = p F (u),Vu£(p F )-\U), 
or equivalently, 

(5) u = (X 1 ,..., X N ) G F X (N), Xj = x){u) (Jj-^j , 1 < j < n. 

3) on (pc) -1 ^), where pc- C — >• iV is the bundle of linear 
connections on iV, and the functions A J kl are defined as follows. We first 
recall some basic facts. Connections on F(N) (i.e., linear connections 
of N) are the splittings of the Atiyah sequence (cf. [2]), 

-> adF(iV) -> T G/(njR) F(iV) ^ TiV 0, 

where 

a) adF(iV) = T*iV <g> TN is the adjoint bundle, 
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b) T Gl{n>R) (F(N)) = T(F(N))/Gl(n,R), and 

c) gauF(iV) = F(N,adF(N)) is the gauge algebra of F(N). 

We think of gauF(N) as the 'Lie algebra' of the gauge group GauF(iV). 
Moreover, pc ■ C — > N is an affine bundle modelled over the vector 
bundle (& 2 T* N (&TN . The section of pc induced tautologically by the 
linear connection T is denoted by sr- N —■ C. Every B € g[(n,R) de- 
fines a one-parameter group ipf : U x GZ(n, R) — > U x Gl(n, R) of gauge 
transformations by setting (cf. [5]), <pf{x, A) = (x, exp(tB) ■ A). Let us 
denote by B G gau(pi?) _1 ([7) the corresponding infinitesimal genera- 
tor. If (Ej) is the standard basis of gl(n, R), then Ej = Ylh=i x h®/® x hi 
for i,j = 1, . . . , n, is a basis of gau(pi?)~ 1 (L r ). Let E 1 * = EjinodG be 
the class of Ej on adF(N). Unique smooth functions Aj k on (pc) -1 (^0 
exist such that, 

w T(sr)=^-(4.°r)^ 

for every sr and A l j k (T x ) = r* fc (x), where r*- fc are the Christoffel sym- 
bols of the linear connection T in the coordinate system (x 1 ), see [20, 
III, Poposition 7.4]. 

2.2 Natural lifts 

Let f M : M -> M, cf. [30] (resp. /: F(N) -> F(N), cf. [20, p. 226]) be the 
natural lift of / G DiffA" to the bundle of metrics (resp. linear frame bun- 
dle); namely /m(5x) = {f~ l )*9x (resp. f(X 1 ,...,X N ) = (/*Xi, . , /*Xjv), 
where (Xi, . . . , A"at) g F x (N)); hence pm°!m = f°PM (resp. p F o/ = /op F ), 
and /m : M — t- M (resp. /: F(N) — >■ F(N)) have a natural extension to jet 
bundles J r (M) -»• J r (M) (resp. /W : J r (FN) -»• J r (FN)) as defined 
in the formula (3), i.e., 

0X5) = jJ (x) (/M o <7 o /-i) (resp. /» (j» = jj (x) (/ o s o J" 1 )). 

As / is an automorphism of the principal Gl(n, R)-bundle F(N), it acts on 
linear connections by pulling back connection forms, i.e., V = f (T) where 
cor' = (f" 1 )*^ (see [20, II, Proposition 6.2-(b)], [5, 3.3]). Hence, there 
exists a unique diffeomorphism fc- C — > C such that, 

1) Pc° fc = f °Pc, and 
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2) fc os r = s /(r) f° r ever y linear connection T. 

If ft is the flow of a vector field X € X(N), then the infinitesimal gener- 
ator of (f t ) M (resp. ft, resp. {f t ) c ) in DiffM (resp. DifTF(TV), resp. DiffC) 
is denoted by Im (resp. X, resp. Xc) and the following Lie-algebra homo- 
morphisms are obtained: 

X(N) -> £(M), X ^ X M 
£(iV) — >■ X(F(N)), X^X 
X(N) -»• £(C), X ^ X c 

If X = u l d/dx l € X(X) is the local expression for X, then 

1) From [30, eqs. (2)-(4)] we know that the natural lift of X to M is 
given by, 

i d sr^ I du h du h \ d 

x " = " a? " § (ft?* + a? to ) 6 * (M) ' 

and its 1-jet prolongation, 



X^=u 

T-^f d 2 u h d 2 u h du h du h du h \ d 

2) From [10, Proposition 3] (also see [20, VI, Proposition 21.1]) we know 
that the natural lift of X to F{N) is given by, 

X — u l ® + ® U% x l ® 



Q x l Q x l J Q x l, 



and its 1-jet prolongation, 



X W =u i — + —x l -^L + 

dx l dx l ■* dx l j ^dxj^ 

Vjk ~ ~dJ Xj ' k ~ ~d^ x ^ 1 + dx k dx lXj ' 

3) Finally, 

C dx* V dx k dx l jk ^ dx k Jl + dxi lk J 8A) k ' 
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jk jk,h 

j d 2 u l du l i du l j du l { 

' jk = ~dxidx k + dx 1 jk ~ dx* jl ~ dx^ lkJ 



d 3 u l d 2 u % d 2 u l ti d 2 u l 



( 8 ) w jkh dx h dxidx k + dx h dx lAjk dx h da* A ^ 1 dx^x^ 
du % i du l , du l j dit' j 

Let p: MxjyC-J-JVbe the natural projection. 

We denote by / = (f M Jc) (resp. X = {X M ,X C ) £ X{M x N C)) the 
natural lift of / (resp. X) to M C. The prolongation to the bundle 
J l (M x at C) of X is as follows: 

(8) 

x<')=(x«J»,4") 

where 

Ovf 1 dv/ 1 

(10) 

(9 2 u ft - c? 2 u h du' 1 <9u A <9u ft 

(11 J ^ij'fc— 7 77; zUhj ^ 77 7; jVhj,k ~ 7J jUhi,k 7 uUij.hi 

ox l ox K oxWx K ox 1 ax- 2 ox K 

and w l j k ,w l j kh are given in the formulas (7), (8), respectively. 



2.3 DiffTV- and X(iV)-invariance 

A differential form u r G fi^J^M x N C)), r € N, is said to be DiffiV- 
invariant — or invariant under diffeomorphisms — (resp. X(iV)-invariant) if 
the following equation holds: (f^)*u> r = u> r , V/ € DiffiV (resp. L^(i)Uj T = 0, 
VX € 3t(N)). Obviously, "DiffiV-invariance" implies "je(7V)-invariance" 
and the converse is almost true (see [14], [28]). Because of this, below we 
consider 3E(./V)-invariance only. 

A linear frame (Xi, . . . , X/v) at x is said to be orthonormal with respect to 
g x G M X (N) (or simply ^-orthonormal) if g x (Xi, Xj) =0 for 1 < i < j < n, 
g(Xi, Xi) = 1 for 1 < i < n+ g{X u Xi) = -1 for n+ + 1 < i < n. 
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As N is an oriented manifold, there exists a unique p-horizontal n-form v 
on M Xjy C such that, V(g x ,r x ) (Xi, ■ ■ ■ , Ajy) = 1, for every g^-orthonormal 
basis (Xi, . . . , Xn) belonging to the orientation of N. Locally v = pv n , 

where p = (— l) ra ~ det(yy) and v n = dx l A • • • A dx n . As proved in [30, 

Proposition 7], the form v is Diff A-invariant and hence 3E(A)-invariant. A 
Lagrangian density A on J X (M x ^ C) can be globally written as A = £v 
for a unique function C G C°°(J 1 (M x^v C)) and A is X(A)-invariant if and 
only if the function C is. Therefore, the invariance of Lagrangian densities 
is reduced to that of scalar functions. 

Proposition 2.1. A function C G C IOO (J 1 (M x jy C)) is X(N) -invariant if 
and only if the following system of partial differential equations hold: 



(12) 



where 



= X i (C), Vi, 

= X* h (£), Vh,i, 

= Xf (£) , V/i, i < fc, 

= Xi kh (C), Vi,j<k<h, 



A% ® AT ® AT ® 

+ A ^dAj k - A ^ l - hk W k 

+ A)k "d^- A] '"-0Aj-. A > lk > r dA^ r A ^ h dA^-' VM ' 

(13) x* = -Vih^- k - Vkhg^- - y hj -^- k -y^d^-g^r-^r 

+ A k d - A s d - A s d 
+ >*dA%. *dA° k . h r 9 A% r . 

d d d 

+ A )s ~^7h A jh -fiji A hr -ftji ' Vh,l<k, 

0A js,k OA ji,k OA ir,k 

.s ^ r ikh d d d d d d w . , 

(14) X? H = 3A—+dA—+3A—+d^+dA—+QA—i ^h<j<k. 

OA jk,h OA ]h,k OA hk,j OA h ,k OA k],h OA kh,j 

Moreover, the vector fields X 1 , X l h , X 1 ^, Xj kh are linearly independent and 
they span an involutive distribution on J X (M x^C) of rank n( n + 3 ). Hence, 
the number of functionally invariant Lagrangians on J 1 (M x jy C) is 



\ (5n 4 + 3n 3 - 5n 2 + 3n) . 
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Proof. According to the formula (9), C is invariant if and only if, 

, t dC dC dC i dC i dC 

u dx i + ^i<j^ dyij + ^ Vijk dy ijik +W i k dAi k +Wjkh dA% >h 

W G C°°{N), 



and expanding on this equation by using the formulas (10), (11), (7), and 
(8) we obtain 

= n l 7r- 

du h ( dC dC dC dC 

Vhi-R Vhj-^ Uih,kT. Uhj,k- 



dx l \ dyu dyij dy iitk dy ijtk 

EdC j dC dC dC 

, 4 i 4 s 9C dC dC 

d 2 u h ( dC dC dC 



^ dx i dx k \ Vlh dyu tk Vh: ' dy ij)k dA\, 



ik 



, A k 9C _ dC _ dC 

+ 5. dA K a . * dA S k . h r dA r r ^ 

#V dC 



dx h dx k dxi dA % - k h ' 



This equation is equivalent to the system of the statement as the values for 
u h , du h /dx\ d 2 u h /dx i dx j (i < j), and d 3 u h / 'dx'dx 3 ' dx k (i < j < k) at a 
point x £ N can be taken arbitrarily. Moreover, assume a linear combination 
holds 

A « A + A 6 A a + 2^b<c A bc A a + l^b<c<d A 6cd A a ~ U > 

\ a ,\l>$ c ,\t cd eC°°(J 1 (M x N C)). 

By applying (15) to x a (resp. y a b) we obtain A a = (resp. A£ = 0); again by 
applying (15) to A? , b < c (resp. A?, c < b) and taking the expressions of 
the vector fields (13) and (14) into account, we obtain A^ c = 0, b < c (resp. 
A£ c = 0, c < b). Hence, (15) reads T.b<c<d Kcd X a Cd = °> and h Y a PP!y m g it 
to A^ c d and taking the expressions of the vector fields (14) into account, we 
finally obtain \% cd = 0. The distribution 

V M * N c = {^(■jUsr) : X € J W> ifa, far) G J\M x N C)} 
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in T (J l (M x N C)), where X^ is defined in (9), is involutive as 

xV\yW] = \xxf 1) , VX,YeX(N), 

and it is spanned by X 1 , X l h , Xjf, Xf kh , as proved by the formulas above. 
The rest of the statement follows from the following identities: 

# [X*; X{- Xf , i < k; Xl k \ h < j < k : h, i, j, k = 1, . . . , n) 

= n + n 2 + <+V<t 2 )=<t 3 )' 
dim J 1 (M x N C) - n( n + 3 ) = \ (5n 4 + 3n 3 - 5n 2 + 3n) . 

□ 

3 Invariance of covariant Hamiltonians 
3.1 Position of the problem 

On the bundle E = M x jy C, an Ehresmann connection can locally be 
written as follows: 

(16) 7 = Ei<j {dyij + ^ k dx k ) + (dA% + j} kl dx l ) ® — 

In particular, for a Lagrangian density A on J X (M x tv C) we obtain 



A 7 



£ + ^) ^ + + - l ) dxi a ■ ■ ■ Adxn > 

or equivalently, £ 7 = D 7 (C) — £, where 

Remark 3.1. The horizontal form (pj)*7 — # = (7i* + V?) dx l <B> d/dy a can 
also be viewed as the £>o- ver tical vector field 

(17) £)7 = (7f + yr 



taking the natural isomorphism V(pq) = (pq)*(p*T*N ®V(p)) into account 
(cf. [23], [24], [32], [34]). 
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According to the previous formulas, this means: If the system (12) holds 
for a Lagrangian function C, then it also holds for the covariant Hamiltonian 
O. 

If A G {A\ A*, Af , Af 1 }, then X (&) = X (&(£)), as £ is assumed 
to be invariant and hence X{C) = 0. Therefore 

A(£ 7 ) = A(L> 7 (£)) 
= [X,D^\ (C), 

and we conclude the following: 

Proposition 3.2. The property (P) holds for an Ehresmann connection 
7 on M x 7v C if and only if the vector field D 7 transforms the sections 
of the distribution T>mx n c into themselves, namely, [D 7 , T(T>mx n c)\ Q 
r(£>MxjvC0- 



The problem thus reduces to compute the brackets [A*, IT 7 ], [A^,.D 7 ], 
[X l h k ,L> 7 ], and [x{ kh ,W]. We have 



(18) 



X h ,D~< 



^ dx h dynk dx h dA l , 

i<j yiJ ' K Jk,, 



Xl da , L> 7 1 = X£ aa , Vb,c<d<a, 



rcda 



(19) [xi z? 7 ] = £ n h abk ) ^-+E^^-+E 



a<b 



r\ i / . /'t/tfi; r\ i / . i litre 

oy a b,k oyuk f-' dyu tk 



a<b 



+ (n (iter) ~ Waller + S^hr + ^Hcr + « cfe ) ^5", 

3 



(20) [a* d?] = £ if (7 abc ) ^ + ^ (7I) 

where 



a<6 



ab,c 



1 v«A; v^ifc 



Yh = -Vhi 



_d_ 



Vhj 







+ A 







-a: 



dyij jk 8A% jh dA 



-A 







r ji " hk M k " 



Y, 



ik 
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and the following formula has been used: 

^ = 5 k h (518° + 5*51-5)5151). 



3.2 The class of the Ehresmann connections defined 



Let p: M x N C —> N, MxjyC^M, pr 2 : M x N C —> C be the natural 
projections. By taking the differential of pr x and pr 2 , a natural identification 
is obtained T(M x N C) = TM x TN TC. Hence 

V(p) = V(p M ) x N V(p c ) 

and two unique vector-bundle homomorphisms exist 

7M : W\TM w\V{p M ), 7 c: PT* 2 TC -> pr* 2 V(p c ), 

such that, 

j(X) = ( 7 M (pt u X) , ic (pr 2 ^)) , VXeT(Mx N C), 
1M {Y) = Y, MY e pr^(p M ), 

7c(Z) = Z, VZe w*V(p c ). 



If 7 is given by the local expression of the formula (16), then 



7M = Ei<j + Hjkdx k ) ® — - 7c = (dA} fc + 7} w dx' 



3.2.1 The first geometric condition on 7 

Let g: F(AT) — > M be the projection given by 

(21) q(X 1 ,...,X N ) = g x 

= e h w h <g> u/ 1 , 

where (w 1 , . . . , w n ) is the dual coframe of (Xi, . . . , Xn) G F x (N), i.e., g x is 
the metric for which (Xi, . . . , -Xjv) is a ^-orthonormal basis and = 1 for 
1 < /i < n + , £h = — 1 for n + + 1 < h < n. As readily seen, q is a principal 
G-bundle with G = 0(n + ,n~). 

Given a linear connection V and a tangent vector X € T-jiV, for every u 
in p _1 (x) there exists a unique T-horizontal tangent vector X^ v G T U (FN) 
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such that, (pp )*X^ r = X. The local expression for the horizontal lift is 
known to be ([20, Chapter III, Proposition 7.4]), 

(22) A_P 

{ > \dxi) ~ dxi i kXl dx\ 

Lemma 3.3. Given a metric g x G p M 1 (x), let u G p F 1 (x) be a linear frame 

such that q(u) = g x . The projection q*(Xu Tx ) does not depend on the linear 
frame u chosen over g x . 



Proof. In fact, any other linear frame projecting onto g x can be written 
as u ■ A, A G G. As the horizontal distribution is invariant under right 
translations (see [20, II, Proposition 1.2]), the following equation holds: 
(R A ),{XF)=X* A . Hence ' 

= (qoR A ), (XF) 

□ 

Proposition 3.4. An Ehresmann connection 7 on M x jy C satisfies the 
following condition: 

{Cm): 1m ((g x ,T x ),X) = X - q. (i(p M )*(X))u*) > 

\/X G Tg x M, u G q~ l {g x ), (which does not depend on the linear frame 
u G q~ l {g x ) chosen, according to Lemma 3.3 ^ if and only if the following 
equations hold: 

(23) jtlj = ~ {VaiA a jk + yak A%) , 

where the functions 7^ (resp. yij, resp. A l - k ) are defined in the formula (16) 
(resp. (4), resp. (6) ). 



Proof. Letting (x})"j=i = \i xl j)?j=ij > tne dual coframe of the linear 
frame u = (Xi,. . . ,Xn) G F x (N) given in (5) is (w 1 , . . . ,w n ), w h = 
Xh( u ) {d xk ) x i 1 < h <n, and the projection q is given by 

q(u) = g x 
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Therefore the equations of the projection (21) are as follows: 

x l o q = x l , 

Vkl°q = Eh=i £ hX%Xi • 

Hence 

d 



Taking derivatives with respect to on the identity Xr x l = $1 multiplying 
the outcome by and summing up over the index i, the following formula 
is obtained: dx^/dx^ = ~Xa\x\- Replacing this equation into the expression 
for q* (d/dx b l ) u above, we have 

Q * (dx|) = " £ {^)Val (9x) + X h i{u)y a k (g x )} (^) • 
From (22), evaluated at u € q~ l {g x ), we deduce 

^)r = (^)r ryi,4( " )5 *(^) 

/ u \ / g x \ b/ g x 

v ' yx 

/ (9 

+ Efe</ r " c 0K(^) {xfc(w)y a « (&0 + x?(«)i/ofc idx)} 



The condition (Cm) holds automatically whenever X € V(pm)- Hence, 
(Cm) holds if and only if it holds for X = {d/dx^) 9x , namely, 

E^ r -)(^) fc =^(( fc ,r,),(^)J 

thus proving the formula (23) in the statement. □ 
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3.2.2 The canonical covariant derivative 

As is known (e.g., see [20, III, section 1], [23, pp. 157-158]) every con- 
nection r on a principal G-bundle P —¥ A induces a covariant derivative 
V r on the vector bundle associated to P under a linear representation 
p: G — >■ Gl(m,M) with standard fibre W 71 . In particular, this applies to 
the principal bundle of linear frames, thus proving that every linear con- 
nection r on A induces a covariant derivative V r on every tensorial vector 
bundle E -)■ A. 

The bundles (pc)*E, where E is a tensorial vector bundle, are endowed 
with a canonical covariant derivative V E completely determined by the for- 
mula: 

(24) {{V E ) X (/£)) (T x ) = {(Xf) (T x ) + f (T x ) (V[; c) ^e) (*), 

for all X G Ty x C, f G C°°(C), and every local section £ of E defined on a 
neighbourhood of x. The uniqueness of V E follows from (24) as the sections 
of E span the sections of (pc)*E over C°°(C), see [8, 0.3.6]. Below, we are 
specially concerned with the cases E = TN and E = A 2 T*N <g> TN. 

3.2.3 The 2-form associated with 

As pc : C -> A is an affine bundle modelled over <g> 2 T* A ® TA, there is a 
natural identification 

K(p c ) = (pc)* (<8> 2 T*A®TA) 

and consequently, an Ehresmann connection 7c on C can also be viewed as 
a homomorphism 7c : TC — > <g> 2 T* A (g> TiV. If 7c is locally given by 

(25) ic = (dA% + Y jkl dx l ) ® 7 j fcJ G C°°(C), 
then 

7C = (dAj fc + Y jkl dx l ) ® cte j ® dx fc ® ^— , 

and 7c induces a 2-form 7c taking values in (pc)*(T*N <g> TA) as follows: 

7c(A, y) = c} ((pc).(y) 55 7C (X)) - c\ ((pcUX) ® 7c (V)) , 
VX,y GT r ,C, 

where 

: TA <g> T*A ® T*A <g> TA ->■ T* A ® TA, 
(Xi (g> wi <8 iu 2 <8> A 2 ) = wi(Xi)w 2 <8> X 2 , 
Xi,A 2 G TeA, w 1; u; 2 G T*A. 
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If 7c is given by (25), then from the very definition of 7c the following 
local expression is obtained: 

7c = (dAf h + (7^ - j c ahl ) dx a ) A dx l <g> dx h <8> A 
3.2.4 The second geometric condition on 7 

Let alti2 : ® 2 T*N ®TN -> A 2 T*iV <g> TiV be the operator alternating the 
two covariant arguments. 

The vector bundle (pc)* (A 2 T*N <g) TiV) admits a canonical section 

t n : C ^ A 2 T*N ®TN, 
r N (T x )=T rx , VT x eC, 

where T Fx is the torsion of r x . Locally, 

r N = J2(4k ~ ^kj)dx j A dx k ® A. 

From the previous formulas the next result follows: 

Proposition 3.5. Let 7 be an Ehresmann connection on Mx^C, let = 
V El with Ei = TN, let R vW be its curvature form, and finally, let V^ 2 ) = 
V^ 2 with E 2 = f\ 2 T*N ® TN. 

(Cc) Assume the component 7c of 7 is defined on C. Then, the equations 

(26) lc = R V{1 \ 

(27) alt 12 o lc = V (2) T7v, 
are locally equivalent to the following ones: 

foal >v h — <y h — A h A m — A h A m 

(29) j!^ st — 7^ rt = A h m (A™ — A™) + A™ s |ij, r — 

, Am ( aH _ Ah \ 
~ -"-tr \ sm ms J • 

3.3 Solution to the problem (P) 

Theorem 3.6. If the connection 7 onAIx^C satisfies the conditions (Cm) 
and (Cc) introduced above, then the vector field D 7 satisfies the property 
stated in Proposition 3.2 and, accordingly the covariant Hamiltonian with 
respect to 7 of every X(N) -invariant Lagrangian is also X(N) -invariant. 
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Proof. When satisfies the condition (Cm) the brackets (18), (19), and 
(20) are respectively given by 



(30) 
(31) 



x h ,Dn 



a** dA\ k ; 



[XI, D-r] = (Yl W cr ) - S h a f bcr + + 5h a hcr + SllQ q^-, 



X*,Di 



d-ff 

dA^ 



abc 



+ 6' 



ik 



(«2 



A 



ab 



xk Ad 
°b A ah 



9A h ki 



abc , re ( sh 



h Al H A d 



S k a A d hb ) 
SiA^ 9 



9A d nh „ ' 

ab,c 



In addition, if 7c satisfies the condition (Cc), then taking derivatives with 
respect to x h in (28) and (29) we obtain 



dx h dx h ' 
and renaming indices we deduce 



dx h 



dx h ' 



Hok 

dx h 


dx h 


_ d %j 
dx h 


(j < k), 






dx h 


_ d li jk 
dx h 


_ Hkk 
dx h 


(J < k), 






Hki 




Hk 






Hik 


dx h 


dx h 


dx h 


dx h 


dx h 


dx h 



(j<k< I). 



From (30) we obtain 
X h ,D^ 



\^ Hki yjkl 1 \^ yjjk 



j<k<l 



dx h 

H 



j<k 



dx h 



1 u _ Ikkj x kkj 1 Hjj x jn 

2 dx h i 



3<k 



dx h 



and consequently the values of [X h , D 7 ] belong to the distribution T>mx n c- 
Moreover, as 7c is assumed to be defined on C, we have 

(iber) = {^h,A)k ~ $kAjh ~ SjAhk) Qj^ r ■ 



jk 



For the sake of simplicity, below we set 

dltcr as 9rfc 

' bcr 



(rpi\ a ai u I bcr as u I bcr as 



3k 9A% 



3h 9A^ 



kk 



-qJT ~ d a Ibcr + d i Ihcr + d i Ibhr + °i Ibch ■ 
ik 
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Taking derivatives with respect to A s - k , the equations (28) y (29) yield 

w ibcr " Web _ x.ixa Ak xJ Xa \k , rtd <a ri'rfe 
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9A% 



9A% 



X3X a A k — Pfi a A k 4_ P X_k A a — b k A a 
°r °s A bc °b °s A rc + °b °C A rs °r °C A bs > 



d tbc d iL 



dA% 

jk 



jk 



+ sLsU 



°b r /i cs^ C°r A bs °C°b A 

From these expressions, the following symmetries of indices are obtained: 

(n) a bb C = (n) a b C b = (n) a C bb (&< c )> 
in)L = {n) a cbc = {n) a ccb (b< C ), 

(n)L = (n) a dbc = (nr cdb = (ny bdc = (ny dcb = (6 < c < *>, 

and from (31) we obtain 

[n,w]= E (^)L^ + ^E(^)L^ 6c 

b<c<d b<c 

i 1 \ " (rpi\ a veeb . 1 (rpi\ a v bbb 
+ 2 l^^hfccb^a + 6 \ 1 h)bbb Ji a- ■ 

b<c 

Hence [X^,D 7 ] also takes values into the distribution T>mx n c- 



The proof for the third bracket is similar to the previous two cases but 
longer. Letting 

f T ik\ a _ d lrbc d lrbc 



rbc 



+ st (s h a 



4 

si, 



rb 



x k /ta 
°b A rh 



S k r A a hb ) 



+ % (5 h a Al 
the following symmetries are obtained: 



rb 



xi \a _ ri Aa \ 
°b A rh °r A hb ) > 



frpik\ a 

\ 1 h ibbc - 


(rpik\ a 

y 1 h Jbcb — 


in")! 


(r~pik\ a 

y i h ibcc - 


(rpik\ a 

y 1 h Jcbc ~ 


(TtTccb 


(rpik\ a 

y 1 h ibed - 


y A h jdbc - 


(rpik\ a 
y 1 h Jcdb 


Hence 







< c), 

- i T h) 



bde 



^) a dcb = {T^) a cM {b<c<d) 



X{ k ,D"> 



E 

b<c<d 



+ 



b<c 



b<c 



and the proof is complete. 



□ 
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Theorem 3.7. The Ehresmann connections on C satisfying the equations 

(26) and (27) are the sections of an affine bundle over C modelled over 
the vector bundle [pc)* (S 3 T* N ® T iV) . Consequently, there always exist 
Ehresmann connections on M XjyC fulfilling the conditions (Cm) and (Cc) 
introduced above. 

Proof. If two Ehresmann connections 7c, 7c satisfy the equations (26) and 

(27) , then the difference tensor field t = j' c — 7c, which is a section of the 
bundle (pc)* (® 3 T*N TiV), satisfies the following symmetries: 

(32) t(X 1 ,X 2 ,X 3 )=t(X 3 ,X 2 ,X 1 ), 

(33) t(X 1 ,X 2 ,X 3 )=t(X 2 ,X 1 ,X 3 ), 

according to (28), (29), respectively, for all X 1 ,X 2 ,X 3 G T X N, F x G C X (N). 
Hence 

t(Xi,X 3 ,X 2 ) ^= t(X 2 ,X 3 ,Xi) ^= t(X 3 ,X 2 ,Xi) ^= t(Xi,X 2 ,X 3 ), 

thus proving that t is totally symmetric. The second part of the statement 
thus follows from the fact that an affine bundle always admits global sections, 
e.g., see [20, I, Theorem 5.7]. □ 

Remark 3.8. The results obtained above also hold if the bundle of linear 
connections is replaced by the subbundle C sym = C sym (N) C C of sym- 
metric linear connections; the only difference to be observed between both 
bundles is that in the symmetric cases the equation (27), or equivalently 
(29), holds automatically. 

4 The second-order formalism 

In this section we consider the problem of invariance of covariant Hamilto- 
nians for second-order Lagrangians defined on the bundle of metrics, i.e., for 
functions C G C°°(J 2 M), where M denotes, as throughout this paper, the 
bundle of pseudo-Riemannian metrics of a given signature (n + ,ra~) on N. 

4.1 Second-order Ehresmann connections 

A second-order Ehresmann connection on p: E — > N is a differential 1- 
form 7 2 on J^E taking values in the vertical sub-bundle V(p 1 ) such that 
■~f 2 (X) = X for every X G ^(p 1 ). (We refer the reader to [29] for the basics 
on Ehresmann connections of arbitrary order.) Once a connection 7 2 is 
given, we have a decomposition of vector bundles T(J 1 E) = ^(p 1 ) ©ker7 2 , 
where ker7 2 is called the horizontal sub-bundle determined by 7 2 . In the 
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coordinate system on J l E induced from a fibred coordinate system (x^,y a ) 
for p, a connection form can be written as 

(34) 7 2 = (d y «+ 7 «d^>^+(^f+7?-d^)(8i A, 7 «, 7 g G ^(J 1 ^). 

As in the first-order case, the action of the group Aut(p) on the space of 
second-order connections is defined by the formula 

$. 7 2 = o 7 2 o($W) \ V$eAut(p). 

As : J l M — > J X M is a morphism of fibred manifolds over N, (^W)* 
transforms the vertical subbundle V{p v ) into itself; hence the previous defi- 
nition makes sense. 

4.2 A remarkable isomorphism 

Theorem 4.1. LetT 9 be the Levi-C'ivita connection of a pseudo-Riemannian 
metric g on N. The mapping ( N : J X M -> M x N C sym , CnUIo) = (ftr,rg) 
is a diffeomorphism. There is a natural one-to-one correspondence between 
first- order Ehresmann connections on the bundle p: M xjy C sym —> N and 
second-order Ehresmann connections on the bundle pu '■ M — > N, which is 
explicitly given by, 

(35) 7 2 = ((&).r 1 °7°(CAr)., 

where 7 : T(M x jy C sym ) — > V(p) is a first-order Ehresmann connection, 

(( N ),:T(J 1 M)^T(Mx N C sym ) 

is the Jacobian mapping induced by (jy, and (Cn)* ' V(Pm) ~* V(p) ^ s ^ s 
restriction to the vertical bundles. 

Proof. As a computation shows, the equations of in the coordinate sys- 
tems introduced in the section 2.1.2, are as follows: 

x i oC, N = x\ 

yij ° Cn = y^, 

(36) A\j o ( N = ±y hk (y ik ,j + yjk,i - Vij,k), i < 3, 

where (y u )f J=1 is the inverse mapping of the matrix (yij)fj =1 and the func- 
tions yij are defined in (4). Hence 

x i o C" 1 = x \ 

yijvQ 1 = Viv 

(37) y ijtk o C^ 1 = y hi A h jk + yhjAik, i < 3- 
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As the diffeomorphism (jy induces the identity on the ground manifold N, 
it follows that the definition of 7 2 in (35) makes sense and the following 
formulas are obtained: 



a 



• p. 1 

a<b i<j yi i' k 



Hjkr = \ E Sah5b ^ Sbh {labr ° Cn) ^{Vjl,k + Vkl,j ~ Vjk,l) 
a<b 

I 1 \ ^ S ah S b j+S a j8 bh A \„M(„, I \ 

+ 2 Z-> — — ^ 7a6r w y ^> fc + yfc M ~ Vik > l > 

a<b 

+ E life (-Ar ° C^) Vm + E iJfe (t&> ° ^) W" 

j<a a<j 

+ E iffe (tL o Cn) y hj + E xffe Cat) y hj , 



i<a a<i 



where 

7 



= E + ^kdx k ) ® + E + ^Jkldx 1 ) ® ^ 

i<j Ul3 j<k jk 

or equivalently, 



7 



ytj jk 

assuming j hir = j ihr for h > i, and rf kr = 7^ for j > k. Taking the 
symmetry A l - k = A k - into account, we obtain 

Hjkr = \ (jhir ° Cn) V hl {Vji,k + Ukl,j - Ujk,l) 

+ \ {ihjr ° Cat) y hl (yu,k + yn,i - y%k,i) 
+ {ijkr ° Cat) yhi + (^r ° Cjv) yhj- 

Hence 

(38) 7i jfc r ° C^V 1 = + Ihjr^lk + 7jfcr^ + 7&rl/hj> * < 3- 

Permuting the indices i,j, k cyclically on the previous equation, we have 

(39) 7?- r = -j h krA^y ks - \ (j ijkr o Q 1 - ljkir o Q 1 - lkijr o Q 1 ) y ks , 

thus proving that the mapping 7 h-> 7 2 defined in the statement, is bijective. 

□ 
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4.3 Covariant Hamiltonians for second-order Lagrangians 



The Legendre form of a second-order Lagrangian density A = Lv n on the 
bundle p: E — >■ N is the V* (p 1 )-valued p 3 -horizontal (n — l)-form wa on 
J 3 E locally given by (e.g., see [17], [26], [35]), 



where 

(40) Lg 



2— <5ij 



( 41 ) L « - 5y a S 2-« ii £, J (a^g) ' 



and 



/6N",|/|=0 



denotes the total derivative with respect to the variable x J . 

The Poincare-Cartan form attached to A is then defined to be the ordinary 
n-form on J 3 E given by, 6a = (p 3 .)*^ 2 A u\ + A, where 6 2 is the second- 
order structure form (cf. [33, (0.36)]) and the exterior product of (pffiO 2 
and the Legendre form, is taken with respect to the pairing induced by 
duality, V(p 1 ) Xjie V*(p 1 ) — )• R. The most outstanding difference with the 
first-order case is that the Legendre and Poincare-Cartan forms associated 
with a second-order Lagrangian density are generally defined on J 3 E, thus 
increasing by one the order of the density. 

Similarly to the first-order case (see [11], [24]), given a second-order La- 
grangian density A on p: E — > N and a second-order connection j 2 on 
p: E — >■ N, by subtracting (p|)*^ 2 from (pf)*7 2 we obtain a p 3 -horizontal 
form, and we can define the corresponding covariant Hamiltonian to be the 

2 

Lagrangian density A 7 of third order, 

(42) A 7 ' = ((plr 1 2 -(plye 2 )Au; A -A. 

Expanding on the right-hand side of the previous equation, we obtain a de- 
composition of ©a that generalizes the classical formula for the Hamiltonian 
in Mechanics; namely, 0a = (p?)*7 2 A u>a — A 7 . With the same notations 
as in the formulas (34), (40), (41) the following formula is deduced: 

(43) if = ( 7 ? + )L» + ( 7 £ + - L. 

Because of the equation (41), 0a and if are generally defined on J 3 E. 
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4.4 Invariant covariant Hamiltonians on J 2 M 

Lemma 4.2. If 7 is a first-order Ehresmann connection on M Xjy C sym 
satisfying the conditions (Cm), then the following equation holds for the 
second-order Ehresmann connection 7 2 on M given in the formula (35): 

labr ° Cn = -yab,r- 

Proof. Actually, from the formulas (23) and (36) we obtain 

labr °Cn = ~ (Vmb [A™ a o ( N ) + y ma (A™ b o ( N )) 

= - \ { y m bV mk (y r k,a+y a k,r - y ra ,k)+ y ma y mk (y r k,b+ybk, r - y r b,k)] 

y<ib,r- 

□ 

Lemma 4.3. If a first-order connection 7 on M x^ C sym satisfies the con- 
dition (Cc) introduced above, then the following formulas for its components 
hold: 

(aa\ ~h _ ~h _ A h A m — A h A m 

V^"7 Irts Irst ^-sm^-rt ^tm^-rs' 



Proof. As the bundle under consideration is that of symmetric connections, 
the following symmetry holds: j^ bc = 7^,, and we have 

Irts = 7str ~ (4^™ " A h sm A%) [by virtue of (28)] 

— ryh — (Ah Am _ Ah Am\ 
Hsr \ rm st sm rt) 

= (7^ + A h rm A™ t - A h m A™) [by virtue of (28)] 



( A h A m — A h A m 

\ rm st sm 



— <*jh , / Ah Am _ Ah 4 

— Irst ' {^sm^rt A tm A 



sm rt 
m 
rs 



□ 



Proposition 4.4. Let 



C 2 n = ( ( n ) , :J 2 M^j\Mx N C sym ) 

be the restriction to the closed submanifold J 2 M C J 1 (J 1 M) of the pro- 
longation C { n- J\J X M) -> J X (M x N C sym ) of the mapping (n defined 
in Theorem 4.1. For every (jlg,j^.T) G J l (M x jy C sym ) there exists a 
unique j 2 g' € J 2 M such that, j\g' = j^g and j^T 9 = j^T and the map- 
ping k: J x (M x N C sym ) -> J 2 M defined by ft(jlg,j%T) = j 2 g' is a DifTTV- 
equivariant rectract of 
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Proof. From the formulas (36) and (37) we obtain 

Hk _ Hi 

dx k 



(r»')" 




for every non-singular metric g' on N. Hence the second partial derivatives 
of g'ij are completely determined, namely 

d% _dg h h dT %,dg h h arf fc 



dxW dx' Jfe yni dx l dx l lk ^ dx l ' 



Moreover, the Levi-Civita connection of a metric depends functorially on 
the metric, i.e., 4> ■ T 9 = T^' 9 for every <f> G Diff A\ Hence, by transforming 
the equations j\g' = j\g and j^.T 9 = j^T 9 by (f> we can conclude. □ 

Theorem 4.5. If a first-order Ehresmann connection 7 on M C sym 
satisfies the conditions (Cm) and (Cc) introduced above, then the covariant 

2 

Hamiltonian A 7 attached to every Diff N -invariant second-order Lagrangian 
density A on M with respect to the second-order Ehresmann connection 
on M defined in the formula (35), is defined on J 2 M and it is also Diff TV - 
invariant. 



Proof. Given a Diff iV-invariant second-order Lagrangian density A = £v 
on M, let A' = C'v be the first-order Lagrangian density on M x n C sym 
given by A' = x*A, which is also Diff iV-invariant as k is a Diff A^-equivariant 
mapping according to Proposition 4.4. Moreover, as h is a retract of 
we have (&)*A' = (C^)*x*A = (x°C^)*A = A, i.e., A = (&)*A'. This 
formula is equivalent to saying £ = £ o as the n-form v is DiflW- 
invariant, and it is even equivalent to I = L' o because induces the 
identity on N . 

We claim C^ 2 = (C)" 1 °Cn- This formula will end the proof as the mapping 
(If is Diff A^equivariant and (£') 7 is Diff A'"- invariant by virtue of Theorem 
3.6. 

To start with, we observe that the formula (40) for A can be written, in 
the present follows: 
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or equivalently, letting C ab '^ = p~ 1 L abi: > , 

(45) £ abl i = „ \ " . 

Taking the formula in Lemma 4.2 into account, the formula (43) for A reads 
as L 1 = J2 a <bhabij + yab,ij)L aU:i - L, or even 

^ = E(w + yab,ij)£ abij - A 

a<b 

where C 1 " 2 = p~ l L l2 . Hence C? 2 is defined over J 2 M. As y a b,ij = Vab,ji, we 
obtain 

^=EE (i + + Vab,ij) ^f ^ ~ £' °(n 

■ (JyabAj 
a<b i<j ' J 

= 2^ ( 2 ( W + Tabji) + J/ab^J I ° CjV I ^ ° Cat 

a<6 i<j fc<£ \ kl,q / ya 

= ^ ] J?/ ipikmql "i" 'Jkmlq ~\~ ^Iraqk ~\~ ^Imkq ^Iklqm Tfcimg) I a Ah ° ) 

kl,q J 

Moreover, we have 

Fir' P)C 

(cy = E (^b C + yab, c ) £- + E + 4^) tS- - 



a<6 a|/ab ' c a<6 OA ab,l 



Hence 



°Clr = E Ov + 4^ o Cat) ( o & ) - £ o & 

= E ^ fefr 9 ~~ 7 ' rfc ? ~~ Irklq) 



k<l 



+ \ (ykr,lq + yir,kq ~ Vkl.rq) \ I 7^T~ ° CaT J ~ £' Ca>- 

Consequently, the proof reduces to state that the following equation 

\ {ikrql + Kkrlq + llrqk + llrkq ~ Iklqr ~ Iklrq) = ~ \ {jklrq ~ llrkq ~ Irklq) 

holds true, or equivalently, 

(46) = (jijkr - lijrk) + {lirjk ~ lirkj) + {irjki ~ Irjik) ■ 
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According to the formulas (38) and (23) we obtain 

lijkr Q 1 = (l%r ~ A ra A %) Vhi + (likr ~ A ra A ik) Vhj 

— (^A^jA^ k + A^A'jj^j y a h- 

The third term on the right-hand side of this equation is symmetric in the 
indices k and r, as A% c = A a ch . Hence 

(lijkr ~ lijrk) O Q 1 = (pfjkr ~ Ijrk ~ A ra A< jk + A ka A jr^) Vhi 
+ {likr ~ lirk ~ A ra A ik + A ka A ir^ Vhj- 

By composing the right-hand side of the equation (46) and C/y 1 , and tak- 
ing the previous formula and the formulas (28) and (44) into account, we 
conclude that this expression vanishes indeed. □ 

5 Palatini and Einstein-Hilbert Lagrangians 

Let us compute the covariant Hamiltonian density attached to the Palatini 
Lagrangian. Following the notations in [20], the Ricci tensor field attached 
to the symmetric connection T is given by S T (X, Y) = tr(Z i— > RF [Z, X)Y), 
where R r denotes the curvature tensor field of the covariant derivative V r 
associated to T on the tangent bundle; hence S r = (R r )jidx l <g> dx^ , where 

(R r )ji = (R r )j k i, 

(R r ) l jki = dr l j l /dx h — dr l j k /dx l + VjiT kjn — r^,rj m . 

The Lagrangian is the function on J X (M x ^ C sym ) thus given by, 
C P {jlg,jlT)=gV{x){R r ) l] {x) 

and local expression 

r n — q MiA k — A k -X- A m A k — A m A k \ 

>~P — y \ A ij,k ^ik,j ' ^ij^km ^ik^jm)- 

As a computation shows, for every first-order connection 7 on Af x jv £<sym 
satisfying (44) and taking the formula (2) into account, we obtain C p = 0. 
This result is essentially due to the fact that the P-C form of the P density 
Ap = Cpv = Lpv n projects onto M x jy C sym . In fact, the following general 
characterization holds: 

Proposition 5.1. Letp: E — > N be an arbitrary fibred manifold and let 7 be 
a first-order Ehresmann connection on E. The equation L 1 = holds true 
for a Lagrangian L € C°°(J E) if and only if, i) the Poincare-Cartan form 

of the density A = Lv n projects onto J°E and, ii) L = /(pq)*7 ~~ 0> ^lv(pJ)V 
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Proof. The equation L 7 = is equivalent to the equation D^L = L, where 
D 7 is the pQ-vertical vector field defined in the formula (17), and the general 
solution to the latter is L = f(x % ,y a ,^f + yf), f(x l ,y a ,yf) being a homo- 
geneous smooth function of degree one in the variables (yf), 1 < a < m, 
1 < i < n, according to Euler's homogeneous function theorem. As / is de- 
fined for all values of the variables (yf), 1 < a < m, 1 < i < n, we conclude 
that the functions U a = dL/dyf must be defined on E. Hence L is written 
as L = L l a (x J ,yP)yf + Lq(x^ , y 13 ), but this is exactly the condition for the 
P-C form of A to be projectable onto J°E = E, as follows from the local 
expression of this form, namely, 



dL ( 

= Q^ d y a A id/dxiVn + \ L - yf 



dL 



dyf 



Moreover, by imposing the condition D 1 L = L we obtain Lq = L l a jf, or 
in other words L = (7? + yf)dL/dyf, which is equivalent to the equation 
ii) in the statement. □ 



The corresponding result for the second-order formalism is similar but the 
computations are more cumbersome. Let us compute the covariant Hamil- 
tonian density attached to the Einstein-Hilbert Lagrangian. As a matter 
of notation, we set S 9 (X, Y) = S T9 (X, Y) for the metric g, T 9 being its 
Levi-Civita connection, and similarly, (R 9 ) l j k i = (R r9 ) l j kl . 

The E-H Lagrangian is thus given by Ceh ] 2 9 = (y %1 9)(R g )ihj- As tne 
Levi-Civita connection T 9 depends functorially on g, Ceh is readily seen 
to be DiffiV- invariant; it is in addition linear in the second-order variables 
Vij,ki- By using the third formula in (36) the following local expression for 
Ceh is obtained: 

Ceh = \y tj y hd (ydj,H - Vij,dh - Vdh,ij + yhi,dj) + C' EH , 

^eh = \y %1 {y hm ymr,jy rd {yid,h + yhd,i - yih,d) 
- y hm y mr ,hy rd (yu,j + Vjd,i - y%j,d) 
+ \y hr y md (yidj + yjd,i - Vij,d) (yhr, m + y mr ,h 

_l y hr y md ( y . d h + i _ y . h d j ^ ^ _^ 



yhm,r) 
yjm,r) \ ■ 
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According to (45), for every first-order connection form 7 on M x n C sym 
satisfying the conditions (Cm) and (Cc) above, we have 



C EH = Yl 2=3- (TaWj + yab,ij) g^ EH ~ CeH, 
a<b JuIkij 



and as a computation shows, 

= {lidjh + Ijdih ~ lijdh ~ Kidhj ~ Ihdij + lihdj) y M 

+ \y ij {y hm ymr,hy rd + yjd,i - va,d) 

- y hm y mr ,jy rd {yid,h + yhd,i - Vih,d) 

- \y hr y md (yid,j + yjd,i - y%j,d) {yhr,m + y mr ,h - yh m , r ) 

= 0, 

where the formulas (39), (44), (36), and Lemma 4.3 have been used. In this 
case, the P-C form of the E-H density Aeh = A&ffv = Lehv h , 

(47) G Aeh = ^2 k<l (L E %dy kl + L l ^dy H ^ A i d/dx iV n + Hv n , 

H = L EH ~ ^2 k<1 L E k HVkl,u 



- i,kl 



dL' EH 1 d 2 L E H 



L EH ~ a,,"" 2-Sa Vab,j 
L 



dyu,i 13 dy ab dy H4j 

ij,kl _ 1 9Leh 



'EH 2- Sij dykl .. > 

(cf. (40), (41)) is not only projectable onto J 2 M but also on J l M (e.g., 
see [13]), although there is no first-order Lagrangian on J X M admitting 
(47) as its P-C form. This fact is strongly related to a classical result by 
Hermann Weyl ([39, Appendix II], also see [22], [18]) according to which 
the only Diff iV-invariant Lagrangians on J 2 M depending linearly on the 
second-order coordinates y a b,ij are of the form XCeh + Mj f° r scalars A, fi. 
This also explains why a true first-order Hamiltonian formalism exists in the 
Einstein-Cartan gravitation theory, e.g., see [37], [38]. In fact, if 

i _ 1 dL EH ( , T ij,kl _ dL EH \ 

^eh — 2-s n VM,3 nence l, eu — — 

and the momentum functions are defined as follows: 

Pkl,i = L E 

then 



:,kl _ dL EH 
JEH dy kl ' 



d^AsH = d Pki,i A dy kl A i d / dx iV n + dH A 



Vr, 
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and from the Hamilton-Cartan equation (e.g., see [13, (1)]) we conclude 
that a metric g is an extremal for Aeh if and only if, 

Q = d{Pab,i o 3 l g) _ dH_ q 4 

dx* <9y ab 
Q = d(y ab o g) dff o 4 

On the other hand, it is no longer true that the covariant Hamiltonians of 
the non-linear Lagrangians of the form /(Ceh), f" ^ 0, considered in some 
cosmological models (e.g., see [1], [6], [9], [12], [19], [21], [31]) and those 
in higher dimensions (e.g., see [15], [36]) vanish. In fact, as a computation 

2 

shows, one has f{C E Hp = f'(^EH)J~-EH - f(^En), V/ G C° 
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